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1 Introduction
This is a joint work with Waichiro Matsumoto and Shoji Yotsutani
(Ryukoku University).
Let $\Omega$ be a planar domain with smooth boundary $\Gamma \mathrm{r}$ M.KacQl]) showed
that if $Spect_{D}(\Omega)=$ SpectD(Br), then $\Omega\equiv B_{r}$ , where $Sped_{D}(\Omega)$ denotes a
Dirichlet spectrum and $B_{r}$ is disk with radius $r$ . K.Watanabe $([2],[3])$ showed
the following theorem.
Theorem A.[K.Watanabe] Let $L>0$ and $M>0$ be given.
1) If $10L^{2}/49\pi\leq M<L^{2}/4\pi$ , then there exists a non-disk planar domain $\Omega$
with boundary $\Gamma$ which has the Dirichlet(Neumann) spectrum of Laplacian
under the condition that $\frac{1}{2}\int_{0}^{L}\kappa(s)^{2}ds$ takes the minimum, Length(T) $=L$
and Area{Vt) $=M.$ Further it has even number of axes of symmetry.
2) Under the above condition, if $M$ is sufficiency close to $L^{2}/4\pi,\mathrm{t}\mathrm{h}\mathrm{e}$ domain
is (essentially) unique, and $\Gamma$ is oval with four vertices.
By using the numerical computation, Watanabe suggested the existence
of non-convex curve for suitable $M$ .
To prove Theorem $\mathrm{A}$ , K.Watanabe considered the folowing variational
problem:
(VP) $\{\begin{array}{l}ForgivenLandMwithL^{2}-4\pi M>0,find\Omega sothatthefunclional\frac{1}{2}\int_{itakesthe\min mum}0.\kappa(s)^{2}dssubjecttoL\int_{0}^{L}\kappa(s)ds=2\pi\end{array}$
where $s$ is an arc-length parameter and $\mathrm{k}(\mathrm{s})$ is the curvature of $\Gamma$ .




Theorem $\mathrm{B}.$ [ $\mathrm{K}$ .Watanabe] Suppose that $\mathrm{k}(\mathrm{s})$ is a solution of (VP), then
$\mathrm{k}(\mathrm{s})$ satisfies following three properties:
1) $\kappa(s)$ is $C^{\infty}$ function.
2) $\mathrm{k}(\mathrm{s})$ satisfies the following Euler-Lagrange equation:
(E) $\{$
$\{\kappa_{\epsilon s}1 \frac{1}{2}\kappa^{3}+\tilde{\mu}\mathrm{x}\}s$ $=0,$ $s$ $\in[0, L]$ ,
$\kappa(0)=\kappa(L)$ , $\kappa_{s}(0)=\kappa_{s}(L)$ ,
$\int_{0}^{L}\kappa(s)ds$ $=2\pi,$
$\tilde{\mu}:=\frac{1}{L^{2}-4\pi M}\{M\int_{0}^{L}\kappa(s)^{3}ds-\frac{L}{2}\int_{0}^{L}\kappa(s)^{2}ds\}$
3) There exists a natural number $n$ such that $\kappa \mathrm{C}$ ) is periodic function with
period $s=L/n,$ where $n$ denotes the number of minimum (maximum) points
of $\mathrm{k}(\mathrm{s})$ . (We call this solution $” n$ - mode solution”.)
Our final aim is to investigate the the global structure of existence of
solutions of (E) and the shape of solutions.
The first theorem is a non-existence result.
Theorem 1.1. There does not exist 1-mode solution of (E).
We prepare notations to show $n$-mode solution $\kappa(s;M, n)$ of (E). We
define the complete elliptic integral of first, second and third kind by
$K(k)$ $:= \int_{0}^{\pi/2}\frac{d\varphi}{\sqrt{1-k^{2}\sin^{2}\varphi}}$ ,
$E$ (k) $:=7’/2$ $\sqrt{1-k^{2}\sin^{2}\varphi}d\varphi$
$\square (\nu,k):=\int_{0}^{\pi/2}\frac{d\varphi}{(1+\nu\sin^{2}\varphi)\sqrt{1-k^{2}\sin^{2}\varphi}}$
We define the amplitude am(u, $k$ ) by
$u= \int_{0}^{\mathrm{a}\mathrm{m}(u,k)}\frac{d\varphi}{\sqrt{1-k^{2}\sin^{2}\varphi}}$
1 \ddagger
and Jacobi’s elliptic function $\mathrm{c}\mathrm{n}(u, k)$ by
$\mathrm{c}\mathrm{n}(u, k):=\mathrm{c}o\mathrm{s}(\mathrm{a}\mathrm{m}(u, k))$ .
Let us set a positive number $m_{n}(n=2,3,4\cdots)$ bym_{n}$ $(n= 3,4\cdo
$m_{n}:= \frac{\sqrt 7n^{2}-8n+2-2(2n-1)\sqrt(3n-1)(n-1)}{4\pi(2n-1)(2n-1-\sqrt{(3n-1)(n-1)})}L^{2}$
Now we consider the case $n>2.$
Theorem 1.2. For $M\in[-m_{n}, L^{2}/4\pi)$ , there exists an $n$ -mode solution




where $(k, H)$ is the unique solution of $Z_{1n}(k, H)=0$ and $M_{1}(k, H)=nM$






























$\sqrt{(1-2k^{2})^{2}H^{2}+16k^{2}(1-k^{2})}$ } $n^{2}K(k)^{2} \oint\{(H^{2}+16k^{2}(1-k^{2}))L^{2}$
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Theorem 1.3. For any $M\in(-L^{2}/4\pi, -m_{n})$ , there exists an $n$ -mode solu-





$+\{2(4-\mathrm{t}7)Bk^{2}-2(A-B)\mathrm{V}\{\{(\mathrm{A}-\mathrm{t}7)k^{2}-(A-B)\}$ $-$ $(A+ B)/2$ ,
where $(k, h)$ be the unique solution of $Z_{2n}(k, h)=0,$ and $M_{2}(k, h)=nM$
with $0<k<1$ and $0<h<1.$ Here
$Z_{2n}(k, h):=$
{ $(2-k^{2})h^{2}-2$ ($2+$ Zk2)h $+8k^{2}-(2$
$-4(1-h)\{2k^{2}+hk^{2}-2h-$











As for the shape of curves, we obtain the following theorem:
Theorem 1.4. There exist an unique positive constant An(L) with
$0<A_{n}(L)<L^{2}/4\pi$ such that , the curve which is generated by the solution
$\kappa(s;M, n)$ appeared in theorem 1.2,1.3, is oval for $M\in[A_{n}(L),$ $L^{2}/4\pi)$ and
it is not oval for $M\in(-L^{2}/4\pi$ ,An(L ). Moreover,
$A_{n}(L):= \frac{1}{n}M_{1}(k_{n},$ $\frac{2}{3}\sqrt{16k_{n}^{4}-16k_{n}^{2}+1})$
where $k_{n}$ is an unique solution of
$Z_{1n}$ ($k$ , $\mathrm{i}$ $\sqrt{16k^{4}-16k^{2}+1})=0.$
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We show the curves corresponding to 2-mode solution in the case of
$L=2\pi.$
Curve by 2-mode solution in the case of $L=2\pi.$
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2 Outline of proof of TheOrem1.2.
We show the idea of proof of Theorem 1.2, since the essential ideas already
appear in this case.
To prove theorem 1.2, we rewrite the original problem to the following
problem:
$(E’)\{$
$\{\kappa_{ss}+\frac{1}{2}\kappa^{3}+\mu\kappa\}_{s}=0,$ $\mathrm{s}$ $\in[0, L]$ ,





where $\mu$ is constant. By noting theorem $\mathrm{C}$ , we can rewrite the above problem









For $L>0$ given, we will represent all solution $(\kappa(s),\mu)$ of (En) and adjust
$\mu$ so that (2.1) and (2.2) are satisfied. This kind of method was first prO-
posed by Lou-Ni-Yotsutani[6]. Later, Ikeda-KondO-Okamoto Yotsutani [4]
and Kosugi-Morita-Yotsutani [5] developed the method. In our problem, the
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nonlinear term $\kappa^{3}$ is included. Thus the arguments become terribly compli-
cated and new devices are needed.
Integrating (En), we get
$\kappa_{\epsilon s}+\frac{1}{2}\kappa^{3}+\mu\kappa+C_{1}=0,$ $s\in[0,$ ’ $]$ ,
where $C_{1}$ is constant. Multiplying $2\kappa_{s}$ , we have
$\frac{d}{ds}\{\kappa_{s}(S)^{2}+7^{\kappa(s)^{4}+}$ $\mathrm{u}\kappa(s)2+2C_{1}\kappa(s)\}=0,$
which implies
(2.3) $\kappa_{s}(s)^{2}\mathit{1}$ $\frac{1}{4}\kappa(\mathrm{s})4+$ $\mathrm{c}\mathrm{z}\kappa(\mathrm{s})2+2C_{1}\kappa(s)+C_{2}=0.$
where $C_{2}$ is constant.
Let us set $p:=\kappa(0)$ , $q:=\kappa(L/2n)$ . By the Neumann boundary condition
of $(E_{n})$ , we can rewrite (2.3) as follows:
(2.4) $\frac{d\kappa}{ds}$
where $\delta$ is constant.
We note that $\delta\geq 0$ and $\delta<0$ corresponding to Theorem 1.2 and 1.3
respectively. Now we assume $\delta\geq 0.$
Let us set $\hat{\kappa}:=$ $\mathrm{t}$ $( \kappa+\frac{p+q}{2})$ , $P:= \frac{3p+q}{4}$ , $Q:= \frac{p+3q}{4}$ . (2.4) is













$\frac{1}{4\sqrt{(P^{2}+\delta)(Q^{2}+\delta)}}(2\mathrm{K}(k)-\int_{0}^{\pi-\phi(\hat{\kappa})}\frac{d\phi}{\sqrt{1-k^{2}\sin^{2}\phi}})$ , $s \in[\frac{L}{4n},$ $\frac{L}{2n}]$
where
$\tan^{2}\frac{\phi(\hat{\kappa})}{2}=\frac{P-\hat{\kappa}}{\hat{\kappa}-Q}\sqrt{\frac{Q^{2}+\delta}{P^{2}+\delta}}$ , $k^{2}= \frac{1}{2}(1-\frac{PQ+\delta}{\sqrt{(P^{2}+\delta)(Q^{2}+\delta)}})$
At $s= \frac{L}{2n}$ , we see from (2.7) that
(2.8) $4 \sqrt{(P^{2}+\delta)(Q^{2}+\delta)}=\frac{4n}{L}\mathrm{K}(k)$ .
Now we introduce change of variables from $($&, $h)$ to $(P, Q)$ by








in $\{(k, h)|0<k<1/\sqrt{2}, D(k)\leq h<2\}$





$Q= \frac{8n\sqrt{2}(1-h)\sqrt{k}\sqrt{1-k^{2}}\mathrm{K}(k)}{L\sqrt{h}\backslash \ovalbox{\tt\small REJECT}(1-2k^{2})h-\sqrt{h^{2}-4k^{2}(1-k^{2})(2-h)^{2}}}$ ,
in $\mathrm{D}(\mathrm{k})h)|0<k<1/\sqrt{2},$ $D(k)\leq h<1\}$ ,
where
$D(k):= \frac{4k\sqrt{1-k^{2}}}{1+2k\sqrt{1-k^{2}}}$ .
Further, we introduce change of variables from $(k, h)$ to $(k, H)$ by
$H:=\{$
$Jh^{2}-$ 8k2(l $-k^{2}$) $(2-h)^{2}$ , for the case (2.9),













$(k, H)\in\{(k, H)|0<k<1,2k^{2}-1<H<2\}$ .











$\int_{0}^{L/2n}\kappa(s)^{3}ds$ $=$ $\frac{1}{4}(3P^{2}-2PQ+3Q^{2}-8\delta).\int_{r_{-})}^{P}$ $\frac{2(\xi-\frac{P+Q}{4})}{\backslash \frac{(P-F1(f-O1(}{}}$
$\overline{4}[perp](3P^{2}-2PQ+3Q^{2}-8\delta)]_{Q}\frac{-\backslash \backslash 4J}{\sqrt{(P-\xi)(\xi-Q)(\xi^{2}+\delta)}}d\xi$
$+ \frac{1}{4}(P+Q)\{(P-Q)^{2}+4\delta\}\int_{Q}^{P}\frac{1}{\sqrt{(P-\xi)(\xi-Q)(\xi^{2}+\delta)}}d\xi$ .
We see from (2.1) and (2.8) that
$\int_{0}^{L/2n}\kappa(s)^{3}ds=\frac{\pi}{4n}(37 2-2PQ+3Q^{2}-8\delta)+\frac{L}{8n}(P+Q)\{(P-Q)^{2}+4\delta\}$ .
On the other hand, it follows from (2.3), (2.4) that
$\mu=-\frac{1}{8}(3P^{2}-2PQ+3Q^{2}-8\delta)$ .
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- $(3P^{2}-2PQ+3Q^{2}- 85)$ $4\sqrt{(P^{2}+\delta)(Q^{2}+\delta)}L$
$+64n_{’}(\overline{P}^{2}\overline{+\delta)(Q^{2}+\delta)}\mathrm{E}(k)]$
/ $[2(P+Q)\{(P-Q)^{2}+ 45\}$ 4 $\sqrt{(P^{2}+\delta)(Q^{2}+\delta)}]$
Substituting (2.11) to (2.12)and (2.13), we obtain $Z_{1n}(k, H)$ and $M_{1}(k, H)$ .
Next we express $\mathrm{k}(\mathrm{s})$ with $P$, $Q$ and 5. By (2.7), we have
$\mathrm{k}(\mathrm{s})=$ am $( \frac{4n}{L}\mathrm{K}(k)s$ , $k)$ $s\in[0,$ $\frac{L}{4n}]$
Hence we get
$\mathrm{c}\mathrm{n}$ ( $\frac{4n}{L}\mathrm{K}(k)s$ , $k$) $=$ $\cos\phi(\hat{\kappa})$
$\frac{1-\tan^{2\underline{\phi}\mathrm{L}^{\hat{\kappa}}1}2}{1+\tan^{2}-\phi[perp]_{2}\hat{\kappa}\lrcorner}$
$=$ $\frac{\sqrt{P^{2}+\delta}(\hat{\kappa}-Q)-\sqrt{Q^{2}+\delta}(\hat{\kappa}-P)}{\sqrt{P^{2}+\delta}(\hat{\kappa}-Q)+\sqrt{Q^{2}+\delta}(\hat{\kappa}-P)}$ , $s\in[0,$ $\frac{L}{4n}]$
In the same way, we have






We show the level curves of $M_{1}(k, H)=0$ and Zln(k, $H$ ) $=0$ with $n=2$

































I $:=\{(k, H)|0<k< 1, 2k^{2}-1\leq H<2\}$
Let $k$”be the unique solution of $2\mathrm{E}(\mathrm{f}\mathrm{c})-\mathrm{H}(\mathrm{k})=0$ in $(0, 1)$ .
The following Propositions $\mathrm{h}\dot{\mathrm{o}}$ $1\mathrm{d}$ .
Proposition 2.1. There exists the unique smooth function $\tilde{H}(k)$ such that
$M_{1}(k,\tilde{H}(k))\equiv 0$ in $(0, k^{*}]$ .
$H(k)$
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We see that there exists unique $k_{n}\in(0, k^{*})$ such that $Z_{1n}(k, H(k))\equiv 0.$
Proposition 2.2. There exist the unique smooth function $H_{1}(k)$ such that
$Z_{1n}(k$ , Hi (k) $\equiv 0$ in $(0, \overline{k}_{n})$ .
Proposition 2.3. $M_{1}(k, H_{1}(k))$ is a decreasing function in $(0, k_{n})$ .
Especially $\frac{1}{n}M_{1}(0,0)=\frac{L^{2}}{4\pi}$ and $M_{1}(\overline{k}_{n}, H_{1}(\overline{k}_{n}))=0.$
Proposition 2.4. There exists the unique smooth function $H_{2}(k)$ such that
$Z_{1n}(k$ , H2(k) $\equiv 0$ in $(0, \overline{k}_{n})$
Proposition 2.5. $M_{1}(k, H_{2}(k))$ is $a$ increasing function in $(0, k_{n})$ and
$H_{2}(\overline{k}_{n})=H_{1}(\overline{k}_{n})$ .
By using Proposition 2.1 - 2.5, we complete TheOrem1.2.
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